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Abstract— Exact closed-form solutions are obtained for the stress and induction field of a spheroidal
piezo-electric inclusion in an infinite piezo-electric matrix subjected to spatially homogeneous
mechanical and electrical loadings far away from the inclusion. Three types of loading are con-
sidered : axisymmetric, in-plane and out-of-plane shear. A limiting case of this solution allows us to
determine the stress and induction field of a penny-shaped crack in a piezo-electric material. Closed-
form expressions for the stress and induction intensity factors of a penny-shaped crack are obtained.
Copyright © 1996 Elsevier Science Ltd.

1. INTRODUCTION

The stress field caused by an ellipsoidal inclusion in a linearly elastic infinite body is of
great interest in the mechanics of composites. For example, the solution of the above
problem can be used to estimate the effective properties of particulate composites, e.g.
Willis (1977), Christensen (1979). Eshelby (1957) first showed that, when both the inclusion
and the infinite body are linearly elastic and isotropic, the stress and strain fields inside the
inclusion are uniform when the inclusion undergoes a uniform transformation strain.
Eshelby’s formulation can be generalized to anisotropic inclusions in anisotropic materials
[see Sadowsky (1947), Lurie (1952), Bose (1965), Mura (1976), etc.]. These formulations
are exact, but require the knowledge of Green’s functions which are extremely difficult to
obtain. Chen (1968, 1970) investigated the stress distribution caused by a transversely
isotropic spheroidal inclusion in a transversely isotropic elastic matrix. Instead of using
the Green’s function formulation, Chen derived his solution using harmonic potentials,
following the earlier work of Elliot (1948). In Chen (1968), an axisymmetric problem is
considered, with uniform tension applied at infinity, whereas in Chen (1970) shearing loads
are applied at infinity.

Although the same methodologies can be applied to study the problem of piezo-electric
inclusions in an infinite piezo-electric matrix (Deeg, 1980), very few explicit solutions are
available in the literature as the Green’s function for the piezo-electric material cannot be
obtained in closed form. Wang (1992a) used the Green’s function method to show that
stresses and electric induction fields are uniform inside a piezo-electric inclusion in an
infinite piezo-electric matrix if spatially uniform loads are applied in the far field. He then
developed a method to determine the mechanical and electric fields inside and on the surface
of the inclusion. Using this method, he obtained explicit closed-form solutions for the
special case of an infinitely long cylindrical inclusion. Closed form expression for the fields
outside the spheroidal inclusion, however, cannot be obtained using his method as it requires
the evaluation of integrals which cannot be integrated analytically.
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The method presented in this work allowed us to obtain closed-form solutions both
inside and outside the inclusion. Qur method generalizes the method used by Chen (1968).
The notations used in this work follow that of Chen whenever possible. Since the problem
is linear and any far-field loading can be written as a linear combination of axisymmetric
loading and antisymmetric loading which is a linear combination of out-of-plane shear and
in-plane shear, we can consider each of these loadings independently.

A limiting case of our solution is that of a penny-shaped crack in a piezo-clectric
material. A penny-shaped crack can be considered as a special case of a spheroidal void
when the aspect ratio goes to infinity (Goodier, 1933 ; Mura, 1974). Since brittle failure of
piezo-electric materials is a major consideration in the development of smart structures, it
is important to characterize the fracture toughness of these materials. A necessary step in
the determination of fracture toughness in brittle solids is the computation of the stress
intensity factors. In this paper, explicit closed-form expressions are obtained for the stress
intensity factors of a penny-shaped crack in a piezo-electric material under various remote
loading conditions.

There is extensive literature on the computation of stress intensity factors in linear
anisotropic elastic media [see, e.g. Shield (1951), Kassir (1968), Sih (1968), Willis (1968)].
Explicit expressions for stress intensity factors for three-dimensional problems, however,
are difficult to obtain. Explicit expressions for the stress intensity factors of a flat elliptical
crack in a transversely isotropic material intensity factors are given by Hoenig (1978).

The calculation of the stress intensity factors for cracks in piezo-electric materials are
much more difficult as the mechanical and electric ficlds are coupled. Specifically, the
equation of electrostatics must be considered inside the inclusion as the aspect ratio of the
spheroidal hole vanishes. The formulation of crack problem in piezoelectric bodies was
discussed by Pak (1990), Suo (1993). Pak considered a two-dimensional problem of a finite
crack in an infinite piezo-electric medium subjected to anti-plane loading. He pointed out
that the problem requires the simultaneous solution of governing equations inside and
outside the crack together with continuity conditions on the crack faces. To simplify the
solution procedure, Pak used an approximation which replaces the continuity of the normal
component of electric induction and tangential components of electric field on the crack
faces (this latter condition is equivalent to the continuity of electric potential) by a single
condition of vanishing normal component of electric induction on the crack faces. Using
this approximation, the solution can be obtained by just solving the field equations outside
the crack. The same approximation was used by Wang (1992b) for the case of a penny-
shaped crack subjected to general homogeneous far-field loading. Using the exact solution
obtained in this work, we will show that Pak’s approximation can lead to non-physical
crack tip singularities when the electric induction field is applied at infinity.

2. AXISYMMETRIC LOADING

Consider a piezo-electric matrix containing a spheroidal piezo-electric inclusion. The
geometry and loading are shown schematically on Fig. 1. The center of the inclusion is
located at the origin of a cylindrical coordinate system. The z axis is chosen to coincide
with the axis of symmetry of the inclusion. Both the inclusion and the matrix are assumed
to be transversely isotropic. The equation of the surface of the inclusion is

22 r2
Equation (1) can be rewritten as
2 2
= @
g g -1

where (¢ = ¢ —5%) and ¢ = a/c.
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Fig. 1. A spheroidal piezo-electric inclusion in an infinite piezo-electric matrix is subjected to uniform

axisymmetric far-field loading. The center of the inclusion is located at the origin of a cylindrical

coordinate system. The z axis is chosen to coincide with the axis of symmetry of the inclusion. Both

the inclusion and the matrix are assumed to be transversely isotropic. Constant tractions o, o* and
electric induction component D? are imposed at infinity.

The problem is to determine the stress and electric fields inside and outside the particle
when constant traction ¢°, ¢° and electric induction component D? are imposed at infinity.
The traction and electric induction give rise to the displacements u? = o7, u? = B,z and
electric potential ¢° = —y,z at infinity. The constants ay, S, and 7, are related to ¢, 67 and
D! through the constitutive model, i.e.

0 =(Cy 1+ Ci2)ao+ Cr3fo—e3170
0'_9 =2C 300+ C33 B0 —e337 (3)
D! = 2e 5300+ €330+ L3370

where C,; are the elastic constants of the piezo-electric matrix, e, are the piezo-electric
constants, and 7, is the electric permeability.

Throughout this work, material constants and field variables associated with the
inclusion will be denoted as “prime” quantities. For example, the elastic constants of the
inclusion are denoted by C7;.

Axisymmetry implies that the stress and the induction field are independent of 9 so
that the equilibrium equations reduce to

o, 0Oo,. 0,—0y

or 0z r 0
R (4)
0o, 0o, o0, 0
or + oz + ro
and the equation of electrostatics becomes
L D,)+ oD _ 0 5
¥ 8r(r ! oz )

respectively.
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The non-trivial components of the stress tensor @,, 04, 6_, 6,. and the electric induction
vector D,, D. are related to the components of the strain tensor &,, &, €., ¢,. and to that of
the electric field E,, E. by the following constitutive relations :

g, = Cyg,+Craeg+Ciie. —e5 E;
6y = Ci26,+Cr18+Ci6.—e3 E,
0. = Cis(e,+ &)+ Cyz6.—es53E,

6
0., = 2C448,.—¢€)5E, ©
Dr = 26158r2+x11Er
D. = €5, (s, +eg) +ease. + ¥ £
The strains are related to the displacements by :
ou, u, cu 1 /0u, Ou.
= =— = e = o — 7
YT BT BT 2<az m) @
E,, E, are related to the electric potential ¢ by
g O¢
= —— L= - 8
E or’ E. oz ®)
Exactly the same equations apply for the inclusion (with C; replaced by C7; etc.).
We seek solutions of eqns (4)—(8) in the form of:
o o) oo
=~ =k o=k 9
T TR @ ' oz ©)

where k,, k, are unknown constants to be determined (k,—mnon-dimensional, k&,—dimen-
sional). Using eqns (6)—(9), the stresses and the induction field can be expressed in terms
of ®@. Direct substitution show that eqns (4) and (5) will be satisfied if

20 100 00
T (10)

orr o or 0z*

where

2 _ C44+(C13+C44)k2—(831 +615)k1
Ch
_ Cy3ky —essk,
Cisky +C i3+ Coay—e 5k,

_ esyky +333k
e sky+es+es +yiik '

(11)

Thus, (k,, k-) cannot be arbitrary since they must satisfy eqn (11). In the Appendix, we
proved that there are only three pairs of (k{?, k) (i = 1, 2, 3) that satisfy eqn (11). Thus,
each pair of (k{, k%) corresponds to a v? defined by eqn (11), and a function @,, which is
required to satisfy the equation:

®, 100, ,o'd,

2
i

or? r or 0z?

= 0. (12)

| ™

The functions @, are harmonic functions of the variables r and z, = —,

=



Stress and induction field of a transversely isotropic piezo-electric material 2723

o0, 100, O,
+_ -

et —0. (13)
The field variables can be expressed in terms of @, i.e.
o, = ; (CH 6;;’ +C|2% ai: + C”kg)‘;e“k({) ij)

Q
Il

Mw
O

20, 10D\ Cokd— skl 20,
» + et + 3372 337/
or* r or v? oz}

C44(1 +k(2i)) —€ Sk(li) 62(1)1‘
= v, or 0z;

3 oes(l +k(2i))+X1 kY 0’0
v, or oz,

o, 4 1 0P, + 33k + 33,k 070,
© ot 1 or v? oz2 | (14)

g,, 0y, 0. and D. can be simplified using eqns (11) and (13), i.c.

D, =

g

D, =

HlMu

i

10 | Cou(L+kD) —e\skf (”2CI> +1@ﬂ
v,

:z l:(CIZ Cll)* or r or

gy =

3o, C44(1+k"’)——e kP (07, +l®
or? r or

HMw

| [(CH—CH)

3

_ 0,
0.=Cay Y (1+kg) C” k<"> :
44 i

&

i=1 oz

i < k(z,) X k(,))

(15)

€15

o2
2.1. Solution fields inside the inclusion

We seek a spatially uniform stress and induction field inside the inclusion. This implies
that

u, = Br,u. = Byz,¢’ = Bz (16)

where the B; are constants to be determined. The stresses and induction due to these
displacements and potential can be calculated using eqns (6)—(8) with C; replaced by C;,.

2.2. Solution fields outside the inclusion

Guided by results in potential theory, we seek harmonic functions ®; of the form
D(r,z) = AH(r, z;), where the 4; (i = 1,2,3) are constants to be determined from continuity
conditions on the matrix/inclusion interface. The functions H(r, z;) are defined by :
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H(r,z;) = EI[ZiZ’//l(‘Ii)+”2'//2((1f)-ci2‘po(qr')]

Yolg) = Qlln <qi+ ]>
gi—1

41 1
l:lln(ql >_'~
biig) =t (10—
o (gt ] 1 g
V(4 4‘“((;[—1)*2‘,}“1 (1)

where the independent variable ¢.(r, z,) in eqn (17) is defined implicitly by the equation

z; r?
=+ =C} (18)
q  ¢i—1

where C? = (a*/v?)—b*. Note that the functions H(r, z;) defined by eqn (17) are harmonic
outside the spheroid, i.c. they satisfy eqn (13).

2.3. Determination of the six unknown constants B; and A,

The six unknowns B, and A, are determined by six equations which enforce continuity
of displacement, electric potential, traction and induction across the interface. These six
constants completely determine all field quantities inside and outside the inclusion. For
example, the stresses and induction field inside are determined by the Bs using eqns (6)—
(8) with C;, replaced by C7,. Likewise, the stresses and induction outside the inclusion are
determined by the A s using eqns (6)—(9).

Let p? = a*/(a*>—v?b*). Note that eqn (18) is identical to eqn (1) when ¢, = p;
(i = 1,2,3). In other words, ¢, = p; is the condition for a point (r, z) lying on the surface of
the spheroid. We will need the following identities which can be derived using eqn (18):

0q; _ r 0qg; Z;
or  Digi—1)

D (Z"Z b )
=Tk
q; (¢7—1)

Let n, and n. be the components of the unit vector normal to the surface of spheroid
inclusion along the radial and axial directions, respectively. Using eqn (1),

~ s
4 i D,q,z

(19a)

>

where

r z
nr = 5 9 nf_’ = b
b*D a*D
where
22 },2
D= <a4 -+ b_4>
Note that
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Also, since

P v
pi a’
g_ Zi (p! _1)

(19b)
n, vt pl

Continuity of displacement, electric potential, traction and induction across the inter-
face implies that

[u] = 0, [w.] = 0,[0] = 0,[0,]n, +[0,.]n. = 0,[0,:]n, +[0:]n, = O, [D,]n, +[D.]n. = 0

where [w] denotes the jump of w across the interface. These continuity conditions, together
with eqn (19), imply that

3
%y + Z A (p) = B
i=1

')

ﬁo+z Al// (p) = B

3

(
CE) LAw(p)—Bz

i=1

3 1 €(D C 1+ED)—e kY /020, 1 8,
O+Z|:(C12 C” sa(1+K5) —ey sk ( x+_v,>:|
i=1

2 2 O
V; or r o or

n, 1 &°®,
—(CH+C)B, —Chi3By+e5 B3+ — Z [Caa(1+K£S)—e sk — =0
n, = v; Or 0z;
0 g (i} ) 67(1) ’ ’ I
o, + Z[C44(l+k ) —eysky’] _2C1331_C33Bz+€3333
n, 2 1 0?0
O 0y _ )
+n ’; C44(1+k2) e sk ] 5}’02
3 2(1)_
DY+ Z 315(1+k())+X11k(’)] 522 —2e5 B, -3 By —¥5: B,
n, 3 1 &*®,
o Dl (k) 4y k] - oer =0 (20a)

In eqn (20a), all partial derivatives are evaluated on the surface of the inclusion, i.e. ¢, = p..
The six unknowns A4; and B; are determined by solving the systems of six linear equations
given by eqn (20a).

The following identities for points on the surface of the inclusion can be used to
simplify the last three equations in eqn (20a). These identities are obtained from eqns (17)
and (19), they are:

PH < 10H, z,p2—1&H
5 T TS ==y (p)
or r or r Di 6!’ aZ,-

&?H. r p? 0°H,
TP

L= — 20, (p
8Zi2 Z; P,z—l 8razi ws(pl)

so that the last three equations in eqn (20a) may be rewritten as
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2 C44 1 k(v[) — & k(li']
Z l:(clv Cioa(p)— 1+ _2) G ‘/N(Pi)il

i

i

= —0)+(C,,+C1,)B +C\3B,—e5, B,

3
2 Z [Cas(1+E)—e) k1A (p) = 0! —2C3B, —C53 By +e5:B;
i=1
3 - -
2 Z [e;s(1 +k(2”)+X1|k(1')]Ai¢2(Pf) = DS_2€/3131 —e33 By — 51 Bs. (20b)
i=1

Equations (20b), together with the first three equations in (20a), form a set of linear
algebraic equations which allow us to determine the stress and induction everywhere.

We solve these equations for the special case of a spheroidal hole (i.e. the elastic
constants of the inclusion are identically zero). The interface conditions are [¢p] =0,
on,+o,.n. =0, o,n+aon =0, [D]n+[D.]n. = 0 so that eqns (20a,b) reduce to

3

(
‘0+Z iAw(P)—B:

S Coa(1+£9)—e, sk o
:Z ,:(Cm CiyWa(p)— a+ 2) ¢ l//,(p,»):|= —g?

i

3
2 Z [Csa(l +k(2i))_615k(li)]Ail//2(p[) = 0'?
i=1

3

2 Z [ers(1+AD) + 1 k1A (p) = D! —y,B, (21)

i=

where ¥, is the electric permeability of free space.

For the case of the spherical void in the piezo-ceramics PZT-4 subjected to the
application of a transverse far-field load ¢, the maximum stress concentration
g,/a0 = 2.75 and is reached on the pole z = +a. If 67 is applied at infinity, the maximum
stress concentration ./¢? = 1.88 and is reached at the equator z = 0. When D? is imposed,
the maximum induction concentration D,/D° = 1.51 and is reached at the equator.

Void like defects are introduced into piezo-ceramics to improve their performance in
devices such as electromechanical transducers, where high piezo-electric coefficients are
desirable. A discussion of this phenomenon can be found in Dunn and Taya (1993). Stress
concentration near voids in a porous piezo-ceramics can lead to premature failure of the
material. Therefore, knowledge of the local stress concentration in such materials is essential
for failure analysis. The stress concentration factors for different values of the aspect ratio
bja of a spheroidal void are shown in Figs 2(a,b) for piezoceramics PZT-5H. These figures
provide an estimate for the local stress concentration in a porous piezo-ceramics. The
material properties of PZT-4 and PZT-5H used in this work can be found in Dunn and
Taya (1993) and Deeg (1980), respectively.

2.4. Penny-shaped crack

The solution for the case of an infinite piezo-electric body with a penny-shaped crack
under homogeneous far-field loading may be obtained as a limiting case of the problem of
spheroidal hole with the aspect ratio »/a approaching infinity. Expressions for the fields
outside the crack, i.e. the functions ®,; can be obtained by setting @ — 0 in eqn (17). In
contrast with elastic crack problems, the equation of electrostatics must be considered
inside the inclusion as @ — 0. Formulation of the problem of piezo-electric body with crack
was discussed by Pak (1990). He considered a two-dimensional problem of a finite crack in
an infinite piezo-electric medium subjected to antiplane loading. Pak pointed out that the
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Fig. 2. A spheroidal void (z*/a®)+(r?/b*) = 1 is subjected to uniform axisymmetric far-field loading.
The stress concentration factors for different values of the aspect ratio /a of a spheroidal void are
shown for the case when matrix is made of the piezo-ceramics PZT-5H. To calculate the stress
concentration factors, only o? or D? are applied at infinity. All other components of the far-field
loading are set equal to zero. (a) a./0° is plotted as a solid line and D./D? is plotted as a dashed
line. (b) (D./e,s)(C,4jc?) is plotted as a solid line and (¢./Cas)(e,5/D?) is plotted as a dashed line.

solution requires simultaneous solution of governing equations inside and outside the crack
together with continuity conditions on the crack faces. However, to simplify the solution
procedure, Pak used an approximation which replaces the continuity of the normal com-
ponent of electric induction and tangential components of electric field on the crack faces
(this latter condition is equivalent to continuity of potential) by a single condition of
vanishing normal component of electric induction on the crack faces. Using this approxi-
mation, the solution was obtained by solving the field equations outside the crack. The
same approximation was used by Wang (1992a) for the case of a penny-shaped crack. This
approximation gives rise to a non-physical singularities in electric induction near the crack
edge.

For example, consider the special case of no far-field mechanical loading (i.e. traction
free boundary condition imposed at infinity) with the electric induction D? applied at
infinity. The solution in this case is given by the homogeneous field of induction D? and
zero stresses everywhere, i.e. the 4; are all zero. It is easy to verify that this solution satisfies
all the governing equations and continuity conditions. Physically, this means that induction
loading with zero traction boundary conditions in the far-field cannot contribute to singular
stresses and induction at the crack edge. Note that the induction gives rise to stress free
residual strains & in the piezo-electric material. & can be obtained by solving eqn (6) with
0,=0,D,=0and D. = D. This example illustrates the need to use the exact continuity
conditions in the solution of crack problems. It should be noted that this example does not
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imply that there is no singular field at the crack tip if homogeneous displacement boundary
conditions are imposed at infinity, as we shall comment below.

Thus, the crack problem is still coupled as in the case of an inclusion. Specifically,
traction continuity implies that ¢, = 0, g,. = 0 on the crack faces. In addition, the normal
component of electric induction D, and the tangential component of electric field £, are
continuous across the crack faces. These conditions will be satisfied if constants A4; satisfy
the following system of linear equations:

T

2,

e

A[C (1 +KkD) —e k] = o?

1

i A[[C44(1+k§0)_6’15k(1i)] -0
i=1

Vi

w3 : )
2 Z Ajle s(V+kD) +x11kV] = Do — 0By
=1
3 k(i)
Y ;’»A,. =0 (22)
=1 Vi

where B, determines electric field inside the crack as given by eqn (16). Using eqns (15)
and (21), it can be shown that the stress distribution in the crack plane (z = 0) is:

2 2 ?
a.(r,0) = O’S ——2‘ + Etan‘l (g) —1|, r>b. (23)
v

The z component of electric induction is found to be

2 2 -\ 2
D.(7,0) = (D! —y,8;) ——ZA—FEtan*1 /(%) —1 |4+ xeBs, r>b. (24)
{r
Y (5) —1

If we define the Mode 1 intensity factors K7 and K?¥ by
0,/ 2n(r—b) - K7

D.\/2n(r—b) — K?

then they are related to the far-field loading by

2q? 2D?—x,B b
K;;ZM KD:_(;E_M (25a)

i N

When ¢ = 0, it is easy to see that D! —y,B, = 0, so that K{ = K = 0. In other words,
the intensity factors are determined solely by the far-field traction. It should be noted that
eqn (25a) agrees with the Mode I stress intensity factor obtained by Hoenig (1978) for the
special case of a transversely isotropic elastic material. Note that K{ is independent on
material properties whereas K{ is dependent on material properties through y, and B,.
Some important loading cases may be reduced to the one considered here, for example,
when the surface of the body is clamped (i.¢. zero displacements at infinity) and an induction
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Fig. 3. A spheroidal piezo-electric inclusion in an infinite piezo-electric matrix is subjected to uniform
antisymmetric far-field loading. The case under consideration is out-of-plane shear. Constant trac-
tion ¢, and induction DY are imposed at infinity.

field D? is applied at infinity. If we denote corresponding intensity factors as K{ and K?,
then

f=—-———"Ki, KI=—--—"—K. (25b)

As we can see, the singularities in stress and electric induction are proportional to applied
electric loading and are dependent on material properties.

3. ANTISYMMETRIC CASE: IN-PLANE AND ANTI-PLANE SHEAR

In this case shearing tractions ¢%5 and ¢}, and the induction D9 are imposed at infinity.

The geometry and loading are shown schematically on Fig. 3. The full set of equilibrium
equations is used :

(60, + ]_ 00,y + da,. 4 o,—0y
or r 89 0z ¥
(30',9 i 6(7;,\ 60‘92 2

o Yras T o Ty

do,, 106, 0do. o,

o Tres Ta Ty

=0

=0.

.

The equation of electrostatics is

ép, 10Dy, oD. D,

o Tras Tt 0

Additional constitutive relations must be appended to those given in eqn (6), i.e.

0.9 =2C485—e sk,
o5 =(Cii—Ci2)ey
D; = 2e 585+ %11 Ey. (26)
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The strains ¢,, ., &, are related to displacements by eqn (7) and the strain components &g,
&rys &2y by

(ST

N e (O 0w
BELYA T BT Tras) TG T ey

The electric field is related to the electric potential by eqn (8) and

(1 Our | Oy _ 3’—’) o))

Ey=—~— . (28)

We seck a solution of the equilibrium equations and equations of electrostatics in the
form of

o tey a0 ¥ 0 _ e
W= T W T ey T BT 0T TR,

(29)
where (k,, k,) are constants. The stresses and the electric induction can be expressed in
terms of @ and V¥ using eqns (6)—(8) and (26)-(29). Substituting these expressions into the
equilibrium equations, we find

0* D a4
A4V =0, AW+ — =0 (30)
ozt oz*

where v* is defined by eqn (11), with

. 2Cy
HTen -
2 r o 2 082

As in the axisymmetric case, eqn (29) is a solution if (k,, k,) satisfy eqn (11).
Besides the variables z; = z/v; (i = 1,2,3), we introduce a new variable z, = z/v,. In
terms of these variables, @, satisfy the Laplace equation

>0
-2

“i

f=0 (31a)

A+

and ¥ satisfies the Laplace equation

’Y

AY+—=0. (31b)
0z,

3.1. Out-of-plane shear

Consider first the case of out of plane shear where 6¢,, D{ are prescribed at infinity.
The corresponding non-trivial displacement and potential are u) = agrcosd and
" = Borcos 9, respectively. The constants «, and g, are related to ¢, and D} by the
constitutive law
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Cattg +€1sﬁo = 0?3
0

e,s% — Y11 Po = Di. (32)

3.2. Solution fields inside the inclusion
The assumption of spatially uniform fields inside the inclusion implies that

u,=B,zcosY, uy,= —B,zsinY, u.= B,rcosS, ¢ = ByrcosS. (33)

The corresponding uniform stresses and electric induction can be obtained from eqn (33)
using eqns (6) and (26) with the C;; and y,; replaced by C;; and ;.

3.3. Solution fields outside the inclusion
We seek @, and W of the form

@, = A;H(r,z;)cos(3), W = A H(r,z,)sin(}) 34)
where

2
z,C;

2
H(r.z.) = rz,[¢(q.) +¥(g)] +

o

3 ’M qu_I 1
== — 1 —l 5 2 e
$(q.) qu[ +5 “<q,+1>} ¥(q.) D)

where the independent variables g, are defined by

2
Zy2 r

4 (@G-

=CZ, «=(1,234

vi—b?

The v; are defined by eqn (11) and v, is defined by eqn (30). The stresses and induction can
be obtained from ®, and ¥ using eqns (6)—(8) and (26)—(29).

3.4. Determination of the unknown constants B and A

The seven unknowns B, and A, are determined by seven equations which remove
singularity in stresses at r = 0, enforce continuity of displacement, traction and induction
across the interface. These seven constants completely determine all field quantities inside
and outside the inclusion.

Let pi = a*/(a® —v3ib*). Using the fields inside and outside the inclusion derived in the
previous sections, the continuity conditions [u,] =0, [u] =0, [1)] =0, [¢] =0, [o]n.+
[o,n. =0, [oy]n+][05]n. =0, [6.n+[c]n., =0, [D]n+[D.Jn.=0 on the interface
are:

e

A,C}—A4,Ci =0

1

=

¢(P)+ —¢(P4) = B,

Mw

3 kDA,

-

[@(p)+ 3y (p)]+ o0 = B
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Z ¢(p)+3W(p)]+ﬁo =
R
; - Ai[d(pr) + 34 (p)] + A4(¢(p4)+3lﬁ(p4))
0'13 Cla els _
oo Ca BB B =0
, 1K — C” K
P () =0
, L+k9+ ’e‘“k“)
=Z*——A[aﬁ(p,) 3¢(p)]+ A [p(pa) +3¥(pa)]
Di _ el +Bz)+ﬂB;—O (35)

€is €15
Note that there are only seven independent equations since two pairs of the continuity
equations are linearly dependent (the first and the second, the fifth and the sixth).

As before, we consider the special case of a spheroidal void. For this case eqns (35)
become

3
i=1

)
1

A 6+ 30 (P + B = Bs

i

|
e

i €15 5
1+kY— = k<'> 50
1

1
Al¢(p) +39(p)l+ - s [0(pa)+3¢(pa)]l+ Ca =0

e

kY — S

:Zl Ay(p) =0

, 1HEY + 7= L el p?

P O A+ RS 1 Ry AE BED

Figure 4 shows the dependence of o,/d);, 6;/0%s, a./c);, o,./c); on the latitude
= sin~" (z/r). The quantities a,/6%;, 64/6V5, 6./6}, 6,./0% are evaluated on the boundary
of a spherical hole inside the piezo-ceramics PZT-4 at 3 = 0. The location of crack initiation
in a porous piezo-ceramics can be determined using Fig. 4 and the appropriate failure
criterion.

3.5. Penny-shaped crack

We will follow the same strategy as in axisymmetric case. The electric field inside the
crack has no z component, so the z component of electric induction on the crack faces is
zero. The electric field inside the crack is constant, because the crack is a limiting case of
inclusion and may be adjusted to provide continuity of tangential components of the electric
field. The solution also has to satisfy the traction continuity condition ¢, =0, ¢,, = 0 on
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Fig. 4. A spheroidal void (z°/a’)+(¥*/b?) = 1 is subjected to uniform antisymmetric far-field loading

(out-of-plane shear). The matrix is the piezo-ceramics PZT-4. Normalized stress components

0,/6%,. 64/6'5, 6./6%5, 0,./a), are plotted along the boundary of the void at § = 0 for different values

of the latitude @ = sin~' (z/r). 0,/6}; is plotted as a solid line, g,4/c}; is plotted as a dashed line,
6./0%5 is plotted as — —-—and 0,./0}; as OO OO Q0.

the crack faces. Using these conditions and the condition of no stress singularity at » = 0,
we obtain a system of equations on constants A4, :

P

(1 +ED + x”kﬁ”)A[ =0

i=1 €1s
S @_ f1s o
Z ]+k2 _C—kl A,' = O
i=1 ‘44
1 +k9 — 120 ) 4,
5 3 C44 A4
;C44Tfl. Z + — +O-(]):; - O
- i=1 Vi Va
3
Y A4 = A, (37)
i=1

After constants A; have been determined, stresses and electric induction everywhere outside
the crack may be calculated according to eqns (6)—(8) and (26)—(29).
In particular, stress distribution at z = 0, 3 = 0 is given by

o 2 2. r\’ 2p? A, 6b%i
013 =00 ————— 4+ =tan e B ] B ] O P e —
\2 T b , \2 Vs , \2
T <b> —1 ¥ <E> -1 ¥ <5> -1
(38)

If we define Mode II and Mode 111 stress intensity factors K7, K{j; as

C”r:’\/ 277:(7'—17) ﬁ Ki’]

0.9/ 21(r—b) — KTy

then
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Fig. 5. A spheroidal piezo-electric inclusion in an infinite piezo-electric matrix is subjected to uniform
antisymmetric far-field loading. The case under consideration is in-plane shear. The constant
traction 6}, is imposed at infinity.

4./b Ay |
v —I—C441—46i\/nb>cos(9)
4

— 0
Ky = (Ul

3 —
&
Ag o~
Ky = Cyy \_6[\/nb sin(9) (39)
4

In the case of out-of-plane shear, our calculation shows that there is no singularity in
the induction field near the crack tip. Furthermore, our calculation shows that far-field
electric loading can not contribute to stress singularities at the crack tip. The same result
was obtained by Wang (1992b). This can also be justified by the fact that a homogeneous
horizontal field of electric induction and zero stresses everywhere satisfy all the governing
equations and the boundary conditions on the crack faces.

3.6. In-plane shear

For this case ¢), is imposed at infinity. The geometry and loading are shown
schematically in Fig. 5. The displacements inside the inclusion are u, = B,rsin23, uy =
B rcos 23. The potential is constant inside the inclusion.

Outside the inclusion, we seek @, and W of the form

@, = AH(r,z)sin29, ¥ = A H(r,z,)cos29,

where

2 2q0( 8C3q0¢ 2 Zf
H(r,za)=r“[§(qa)— }r > <C;+—2,

(g —1)° ;
) = 3| Lin (=] G =1,2,3.4 (40)
S(Qu) - 2 n qa+] + qi—l » (OC — Ly Ly Iy )

As before, continuity of displacement, traction and induction at the interface gives

3 kW
Y —A4C =0

i=1 Vi

3 k(f)
Y4, =0

; '
i—1 Y
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Fig. 6. A spheroidal void (z*/a®) +(r*/b?) = 1 is subjected to uniform antisymmetric far-field loading

(in-plane shear). Matrix is made of the piezo-ceramics PZT-4. Normalized stress components

6,/6%,, 64/0Y5, o./a), are plotted along the boundary of the void at § = n/4 for different values of

the latitude w = sin~' (z/r). 0,/0%, is plotted as a solid line, o4/ay, is plotted as a dashed line,
¢.jo), is plotted as —-— - — .

3 4, A
ZT'C?—F—“Ci =0
i=1 i

i v4
23 Aic(p)— 2Asc(pa) + % p oy
C\Di) — ¢ Y =
P A ST G
24 A —-C) —Ch; 12
= 74 +C1| Cy lh"‘ClhBl:O @1
vi pa(pi—1) Cas
In the case of spheroidal void eqn (41) simplifies to
EAG
Y 240 =0
i=1 vi
3 k(f)
Yy 4,0 =0
i=1 vi
o2l =
i; Vi 1+V4 1=0
23 Ac(p) A[”( ) 6 }+ GAES @2)
= i's pt 4 5p4 p4(pﬁ—1) C”_Clz .

Figure 6 shows the dependence of a,/6),, ady/cl,, 0./}, on the latitude
w = sin~ ' (z/r). The quantities a,/6%,, a4/6%,, 6./6), are evaluated on the boundary of a
spherical hole inside the piezo-ceramics PZT-4 at 3 = n/4. The direction 9 = n/4 is chosen
since this corresponds to the direction of maximum principal stress. The location of crack
initiation in a porous piezo-ceramics under in-plane shear can be determined using Fig. 6
and appropriate failure criterion.

Solution of the penny-shaped crack problem for this case is trivial, because the homo-
geneous stress field 69, satisfies all necessary equations.

4. CONCLUSION

The problem of a spheroidal inclusion in an infinite piezo-electric matrix under general
homogeneous loading is solved in closed form using harmonic functions. The solution
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involves first finding the roots of a cubic polynomial eqn (11) and then solving a set of
linear algebraic equations to determine the coefficients of the harmonic functions inside or
outside the inclusion. Although it is always possible to find the roots of a cubic polynomial
in a closed form, in practice, it is easier to write a small program to compute these roots
and to solve the linear system of algebraic equations.

Closed-form solutions are also obtained for the limiting case of a penny-shape crack.
Explicit expressions for the stress intensity factors under different loading conditions are
given; these are often used to characterize material toughness. Furthermore, the complete
traction field is found in closed form which involves only elementary functions. Formulas
for components of stress and electric induction directly ahead of the crack front are given
explicitly. The stress distribution, together with a micromechanics model of failure, can
also be used to predict fracture. Our analysis shows that the approximation suggested by
Pak (1990), which replaces the continuity of the normal component of electric induction
and tangential components of electric field on the crack faces by a single condition of
vanishing normal component of electric induction on the crack faces, leads to non-physical
singularities in electric induction and stresses near the crack edge. For example, we have
demonstrated that for a traction free infinite body with electric induction D? applied at
infinity, the stresses are zero everywhere and the induction is homogeneous, whereas the
use of the approximate boundary condition will lead to a singular induction field and
stresses at the crack edge. Similar result was obtained by Suo (1993) for the case of a plane
conducting crack.

Such a contradiction appears because Pak assumes that since the normal component
of an electric field outside the crack is very small compared to the normal component of
the electric field inside the crack—equations (A10) and (A11) in Pak (1990)—the normal
component of the electric field outside the crack may be set equal to zero. In this approxi-
mation he ignores the possibility of having a large electric field inside the crack and a finite
field outside. This is exactly the case, as we see from the exact solution. The fact that the
homogeneous electric induction field, which is a solution for the traction free case, fails to
satisfy the approximate condition proposed by Pak means that his approximation is not
justified and leads to non-physical results.

It should be noted that the singular induction field can exist at the crack edge under
traction free boundary conditions if the electric permeability of the inclusion is exactly zero.
This limit may not be important since the permeability is bounded from below by that of
vacuum, which is non-zero.

We note that the solution for a traction free finite body with an arbitrary number of
flat cracks subjected to a constant electric induction applied at its two ends will be stress
free with uniform induction everywhere provided that the body geometry is sufficiently
simple so that the applied electric induction field satisfies all the boundary conditions. For
example, a rectangular block of piezo-electric material with cracks oriented parallel to one
face of the block subjected to an applied induction normal to this face will satisfy this
criterion. Obviously, the cracks can have any shape as long as they are planar.

The solution given in this paper can also be used to predict effective properties of a
piezo-composite reinforced by spheroidal inclusions. The procedure itself was not carried
out in this paper, but such methods are well known and easy to apply when a closed-form
solution for a single inclusion in an infinite matrix is known.
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APPENDIX

To show that there are only three pairs of (k{, k9) (i = 1,2,3) that satisfy eqn (11), we introduce new variables
m, and m,:

m, = C44k2+C|3+C44_315k1
my = Cua+{C3+ Cug)ky — (€31 +ey5 )k,

Since m, and m, are linearly dependent on k, and k,, the second equality in eqn (11) may be rewritten in the form
mym, = L(m,m,), where L(m,,m,) is a linear function. This implies that m, = L,(m,)/L,(m,), where L (m,),
L,(m,) are linear functions. The third equality in egn (11) may be rewritten as

Cl] niy
= - Al
Li(my,my)  L(m,m,) (A1)
where [, (m, m,), [,(m,, m,) are linear functions. Substituting m, = L,(m,)/L,(m,) in (Al), we obtain
Can(ml)_Ll(mi) (A2)

fm) Bm)
where /¥(m,), I¥(m,) are quadratic functions. Equation (A2) implies that m, satisfies a cubic equation, i.e.
Cyy Ly(m)E(m)) = Li(m)f(m) = 0.

Since m, = L,(m,){L,(m,), the system (11) has only three solutions (¥}, k"), (i = 1,2.3).



